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RI%uMB. - Nous dtmontrons I’irrkductibilitt d’une forme de Dirichlet de I’espace lacet 
sur la variCtC riemannienne compacte. La forme de Dirichlet est dCfinie par I’opCrateur 
gradient dti & DRIVER et LBANDRE. Nous dCmontrons aussi l’unicitk des Ctats fondamentaux de 
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ABSTRACT. - We prove the irreducibility of a Diricblet form on the based loop space on a 
compact Riemannian manifold. The Dirichlet form is defined by the gradient operator due to 
DRIVER and L~ANDRE. We also prove the uniqueness of the ground states of the SchrGdinger 
operator for which the Dirichlet form satisfies the logarithmic Sobolev inequality. This is an 
extension of the corresponding results of GROSS ([28], [29]) to the case of general compact 
Riemannian manifolds. 0 Elsevier, Paris 
1. Introduction 
The purpose of this paper is to prove the irreducibility of a certain 
symmetric diffusion process on a based loop space. Cleary the problem 
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is related to the connectivity of the state space. In finite dimensional 
Riemannian manifold, if the generator is elliptic, then the irreducibility 
follows from the connectivity of the manifold easily. But in infinite 
dimension, the problem is subtle. For example, the irreducibility of 
the usual Ornstein-Uhlenbeck process on Wiener space is not proved 
by the “connectivity ” of the Wiener space usually. In linear infinite 
dimensional spaces, so far we have several works on the irreducibility. 
However from the geometrical view point, it is more interesting to work 
on the geometrically natural “connective ” space. In this direction, for 
example, we have two works due to GROSS [29] and KUSUOKA 1341. 
GROSS proved the irreducibility of the Ornstein-Uhlenbeck like process 
on an each homotopy class of the based loop space over compact Lie 
group. On the other hand, KUSUOKA proved that in an abstract Wiener 
space, the smooth function in the sense of MALLIAVIN which has the 
vanishing derivative in a certain subset in the Wiener space is a constant 
function almost surely in the subset. The subset enjoys a connectivity, 
the connectivity in the H- direction. See $2.2. The present work is an 
extension of GROSS’ work to the case of loop space over general compact 
Riemannian manifold using the KUSUOKA’S results. 
To state our result, we need some notations. Let (M, 9) be a compact 
Riemannian manifold and consider the diffusion process whose generator 
is A/2, where A is the Laplacian which is defined by the metric. Then the 
conditional diffusion process defines the pinned Brownian motion measure 
on the based loop space L,,(M) = C([O, l] + M : y(O) = y(l) = z) 
consisting of continuous paths. Then L,. (M) can be decomposed to the 
homotopy equivalent classes as L,. (AI) = U~lE?rl~,lI;~~~ [q] where rrl (A4, z) 
is a fundamental group with base point 2 and [n] denotes a homotopy class 
of n. Note that the each subset [q] has positive probability measure which 
we denote by vis]. This is, for example, checked by the method of [7]. We 
can define a gradient operator V on L,r (M) using a Riemannian connection 
and let us consider a Dirichlet form & on L,r (M) with domain D(E). 
The following is an immediate consequence of our main theorem 
(Theorem 4.1): 
THEOREM 1.1 (Irreducibility of Dirichlet Forms). - We assume that 
the Riemannian connection is Levi-Civita connection. Let F E D(E) 
and assume that VF(y) = 0 v,,. - a.s. y. Then there exist constants 
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C[,] (q E 7r1(M;x)) such that 
F(y) = C[?j] yr]]-a*s. 7, 
In [4], we proved the irreducibility of the Dirichlet form on the based loop 
space over simply connected compact homogeneous space M = G/H. The 
Riemannian metric is given by an adjoint invariant Riemannian metric on 
G. But the Riemannian connection on M is not the Levi-Civita connection. 
Since the connections are different from each other, the main theorem in the 
current article does not imply the irreducibility in [4], Theorem 2.2. Also in 
the case of homogeneous spaces, LI~ANDRE proved the irreducibility in [37]. 
The author proved a logarithmic Sobolev inequality on based loop space 
in [5]. See $5 in the present article. The diffusion generator has a potential 
term. The general theory (GROSS [29], [30]) tells us that the bottom of 
the spectrum of the generator is eigenvalue and its multiplicity is finite. 
Actually as a corollary of Theorem 1.1, we can prove the uniqueness of 
the ground states of the Schrijdinger operator on each [n]. In this sense 
too, our work is an extention of the GROSS’ results ([28], [29]). 
The key of the proof is to reduce the problem in the loop space to the 
problem in the subset in a Wiener space to apply the Kusuoka’s theorem. 
To this end, we consider a stochastic differential equation (= SDE in 
abbreviation) on M which gives the Brownian motion. Let us denote the 
solution by X(t, Z, w). Then the submanifold S,,. = {w 1 X(1, Z, w) = :c} 
is an object which is studied by a lot of people instead of the loop 
space L,,.(M). We construct a tubular neighborhood U of S.r in the 
Wiener space such that if M is a simply connected manifold, then U 
satisfies the connectivity in the sense of KUSUOKA. On the other hand, by 
the restricted Ito map X, we pull back the function F on L,.(M) to a 
function F(w) = F o X(-, z! w) on S,,. and we can extend the function 
p to a function i? on U such that if V F = 0 then DF = 0 on U. 
These constructions enable us to prove the irreducibility in the loop space. 
This kind of argument already appeared in different topics ([l], [2], [5], 
GROSS [28], [29]). However in the present case, we need more careful 
treatments to make the tubular neighborhood to be “connected domain”. 
The organization of this paper is as follows. 
In $2, we recall some definitions and prepare necessary tools, such as 
the gradient Brownian system, the regularity of the solution to SDE which 
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is due to MALLIAVIN and NUALART [41] and KUSUOKA [35] and KUSUOKA'S 
Poincare type theorem. In $3, we construct a tubular neighborhood of a 
subset of the submanifold using a special family of vector fields on the 
manifold M and give the definition of the extension of functions on the 
submanifold to a function in the tubular neighborhood (actually a function 
in the whole Wiener space). In $4, we shall prove our main theorem. In 
$5, we prove the uniqueness of the ground states. 
2. Preliminaries 
2.1. Dirichlet forms on loop space 
At first, let us introduce some notations. Let us denote by lI$ the 
d-dimensional Wiener space which is a space of continuous paths on 
R” with the starting point 0 equipped with the Wiener measure. Also let 
us denote the Brownian motion by w(t). Note that the Cameron-Martin 
subspace is Hi ([0, l] + R”). We may denote it by H in short without a 
danger of confusion. Let us denote by Di( IV,,, E) (= D;(E) in short) 
the Sobolev space consisting of the functions with values in a separable 
Hilbert space E which are k-times Malliavin differentiable and whose 
derivatives are in U/’ space. We denote the usual H-derivative by DF 
for the sufficiently smooth Wiener functional F. We will use the notation 
in [2] freely for the derivative on submanifolds in Wiener spaces. In what 
follows, we assume that an n-dimensional compact Riemannian manifold 
(M, g) is isometrically embedded in Rd. Let us denote by y(t) the 
Brownian motion on (M, g). Let us denote the set of smooth cylindrical 
functions on L,,(M) by X’,X. For F(y) = f(y(tl), . . . ,~(t,~)) E -XT, 
we define 
(2.1) VF(y)t := 2 r(y)t,%f(y(t& . . . , r(ti)> . . . > y(t,,))(t;At-tit), 
i=l 
where 8; denotes the gradient with respect to the 1.-th variable I 
and TV : Tyttl M -+ Tr M is the stochastic parallel translation 
along y using the Levi-Civita connection. Note that VF(y)t E H~,,tr, 
where HT,.~I = Hi ([0, l] --+ Y’, M) which consists of H1 -paths with 
h(0) = h(1) = 0. Let us denote by Di(L,r(M)) the completion of 3Cr 
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by the norm I/FII1.l, = l[Fll~~ + IlVFIIp. Now we can consider the 
following pre-Dirichlet form: 
(2.2) E(F, G) = 
J 
(VF(--Y)> VG(y))~~~,,,dl/,,(y). 
L,(M) 
where F, G E 5’Xr. It is easy to check that this is a Markovian form and 
by the existence of the densely defined adjoint operator of V, we see the 
closability. In this paper, we consider a Dirichlet form which is the smallest 
closed extension of this symmetric Markovian form. Note that the domain 
D(E) is the Sobolev space Di(L,.(M)). Let us denote the nonnegative 
definite generator by L and the corresponding diffusion semigroup by Tt. 
Also we may consider a Dirichlet form on each homotopy class. To this 
end, we prove the following. 
LEMMA 2.1. - Let us set 
X[,] (7) = C 1 (7 E [VI) 0 (otherwise). 
Then x[,,](r) E ~,DID~(L,.(M)). 
To prove this lemma, we recall the following function spaces and some 
properties listed in the lemma below. 
W 0.2r1, + R”)I Ilrll:‘:‘;,,, = Ml% 
where we assume that 0 < Q < l/2 m E N and 2curr~ > 1. The following 
property is well known for u: > p and m, except (4) which can be seen 
in [8]. We denote the same notation Wn*2”’ for Euclidean spaces of 
different dimension. 
LEMMA 2.2. - (1) v.~(W”.~“‘) = 1. 
(2) W~.2J,f c J,q,,d2,1~ c C( [0, l] -+ Rd) and the inclusion maps we 
compact. 
(3) thefunction y -+ Ilrll:,‘&, is in nl,,lDf,(L.l.(M)). 
Below throughout the paper, we use the following topology of loop 
space: 
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DEFINITION 2.3. - We regard L,,.(M) as the topological subspace of 
W “J” for jixed (1: and rn. 
Proof qf Lemma 2.1. - We put 4m ~2) = ~~~~~~~~~~ h(t) - -- 
72 (t) 11 where 11 11 denotes the Euclidean norm on R”. Cleary 
inf ilE[‘Il~:L E~,l~~,[,,~~[,ll~ r (yl, 72) > 0. Hence there exists E > 0 such that 
for any Y E [VI and Y’ $ M 
Let us denote by B((L, m : T)~ the ball in W”.a”’ with radius r‘ centered 
at y. Then using the property of Lemma 2.2 (2), for any R > 0, we see 
that there exist finite number loops y, E W!‘.2”’ (i = 1, . . . , N) such that 
s 
where p < a’. Here consider three cut-off C” -functions cp, (‘I: = 1,2.S) 
on real line such that 
cpl(X) = 
{ 
1 (5 E (-G”‘. &2”1)) 
0 (1x1 2&2’“), 2 
$02(x) 1 1 = (3; E (-l/2,1/2)> 
0 (1x1 2 11, 
‘p3(2) = C 1 (n:>l) 0 (z 5 0). 
Then it holds that for y E L,. (n/r), 
(2.3) x~~,~(Y)‘P~(IIYII~~~,~~/R~“‘) 
.\ 
c cpl(h - ~ill;i;,,,) (P~(IIYII~~~,,,/R~“‘). 
i=l 
Hence by (3) in Lemma 2.2, the left hand side of (2.3) is in 
n,,,l D,t (L,. (AI)). For h E HT~.\I, let us consider the Driver’s flow 
Ut(y,h) such that 
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Then 
Here we have used that [E(r, h)] = [y] a.s. y. Again by Lemma 2.2 (3), 
we see that for any p > 1, 
This completes the proof. n 
Using Lemma 2.1, it is easy to see that the integration by parts formula 
holds on the state space [n] with the measure ~[,r]. Hence we can consider 
a Dirichlet form on ([n] , vls] ). W e d 
the semigroup by $rl. 
enote the Dirichlet form by E],,] and 
On the other hand, we can restrict the diffusion 
semigroup Tt to L”( [q], v],~]) which we denote by Ttl[,,l. We make clear 
the relation between Ttl~,~l and Tt[“’ as follows. The proof is clear, so 
we omit it. 
LEMMA 2.4. - (1) IfF E D(E) then Fl],,] E D(E[,,]) and cdlzverxlyfor 
G E D(E],,]) we have G. x[,,l E D(E) and 
+ll (G, G) = E(G . x[,,] 1 G . x[,,] >. 
(2) It holds that T1[“] = Tt 11~~1. 
2.2. Regularity of the solution to SDE and H-connectivity of a 
domain in a Wiener space 
In this subsection, we recall the results in KUSUOKA [33], [34], [35] and 
MALLIAVIN and NUALART [41] which are essential tools for our purposes. 
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Let (B, H, /I) be an abstract Wiener space. Let E be a separable 
Hilbert space. A measurable map C$ : B + E is called an H - C” 
map when the map C$(W + .) : H -+ E is an yr--times continuously 
Frechet differentiable map for all UJ E B. We denote the k-times Frechet 
derivative by I?$(w) E @$H* @ E. H - C” means continuous map 
with respect to the H-direction. Note that if 4 is also in D;:(E), then 
DQ(w) (0 < k 5 ) 7~ coincides with the Malliavin’s derivative. Also d, 
is called an cc-quasi continuous map if for any n E Z+, there exists a 
compact subset K,, such that 
(1) c,,.,,(K:;) < l/w 
(2) 4 : K,, -+ E is a continuous function. 
Here G,.,, is the following capacity which satisfies that for G open 
set in II, 
C,,?,,(G) = inf{jlull& 1 u E Di: and u > 1 h - a.s. in G}. 1, 
Now we need more regularity. The following definitions are due to 
KUSUOKA [33], [34]. 
DEFINITION 2.5. - A measurable map 4 : B --+ E is called a strongly 
C, - Co map if 4 is H - C” map and m-quasi continuous and for a 
sequence of compact subsets K,, for which (1) and (2) holds, it holds that 
(3) lim sup 
r-0 rr,Eli,,.llhllf,<r 
l(b(w + h,) - q!QlJ)l = 0. 
Also 
DEFINITION 2.6. - A measurable map 4 : B ---f E is called a strongly 
C, - C” map if 4 is H - C”, rx-quasi continuous and for a sequence 
of compact subsets K,, for which (1) and (2) holds, (3) is valid for 
Dl'(b(w) (0 5 k 5 n). 
Now we shall define ” quasi open set”. 
DEFINITION 2.7. - A measurable subset U is a quasi open set if there 
exists a strongly C, - Co function 4 : B + R such that 
Z4 = {w E BI 4(w) > 0). 
For quasi open 24, we consider a connectivity. 
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DEFINITION 2.8. - A quasi open set U is said to be H-connected iffor 
any w E B, H(W) = {h E H 1 w + h E U} are connected in H. 
THEOREM 2.9 (KUSUOKA [34], (6.12) Lemma, (6.15) Lemma). - Let us 
suppose that U is H-connected. Then for F E Di (R) with DF( w) = 
0 p - a.s. w E U, it holds that there exists a constant Cl1 such that 
F(w) = Cl1 p - a..~. W. 
Also we need the stability of C, - C” map under composition of map. 
THEOREM 2.10 (KUSUOKA [33], (7.16) Theorem). -Let F : B + Hand 
G : B + E be C,, - C” maps. Then Go (IB + F) is also C, - C” map. 
Let us denote by H”‘.’ ( BR(O), E) the Sobolev space (Hilbert space) 
on the ball Bn(O) consisting of functions with values in E and having 
the strong derivatives up to ma-th order in L” sense. Here Bn(O) is the 
Euclidean ball centered at the origin with radius R in R”. 
LEMMA 2.11. - Let F(z, 20) : 
Bn(O) x B + E be the H”‘.“(BR(O))-valued C, - Cx map for any 
m. Then for any C, - C” map G : B -+ Bn,a(O), the composition 
F(G(?u);w) is also C, - C” map. 
The proof of this lemma is easy, so we omit the proof. 
To apply the above theorems, we need the good regularity of the solution 
to SDE. Let X(t, z, w) be the solution to the following Stratonovich SDE 
on R-Y. 
(2.4) 
{ 
dX(t, 2, w) = Q(X@, 2, w)) . dw(t) + b(X@, Ic, w))&, 
X(0, z, w) = :c, 
where g E C”(R”, (R”)* @I R’) and b E C”(Rv,R’). We assume 
they have compact supports. We recall the results in MALLIAVIN and 
NUALART [41]. Let UI,,(~) be the piecewise linear approximation of w 
such that r~,,(Jc/n) = w(k/n) and in the each interval [k/r&, (k + 1)/7~], 
w,, (t) is a linear function. Replacing w(t) by w,, (t), we consider an 
approximation solution X,, (t, 2,~). Cleary X,,(t, ., w) : z -+ X,,(t, z, w) 
is a diffeomorphism which belongs to a Sobolev space IV,, which is 
defined in [41], p. 304. Namely 
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Next let us consider a mapping valued path space P,,,,,, (IV.+) which is a 
IV,, valued version of Wn*2rn ([41], p. 304) 
Then MALLIAVIN and NUALART proved that the complement of 
Q = {w E IV: I X,, (., ., 21~) E P,,,.,, (IV,,) converges in strong sense.} 
is a slim set. It is easy to see that R is an H- invariant set, i.e., b2+H = f2. 
Then the following theorem is easily derived by this result. 
THEOREM 2.12. - There exists a measurable map X : RIY x W/ --f 
W o.2r” such that 
(1) X(x, w)(t) is a solution to (2.4) andfor any positive integer s, the map 
:1: E R” --+ X(x, w)(t) is in W, and the map w E Wi’ -+ X(., w)(t) E W, 
is a C, - C” map. 
(2) For any w E WC:, the map (a:, h) (E R-” x H) + X(z,w + h)(.) 
(E Wn,““) is smooth in Frechet sense. 
(3) Let 2(x, h, w)(t) be th e solution to the ,following ordinary differential 
equation: 
(2.5) .t 2(x, h, w)(t) = 2 + .I ir(~, 2(x, h, w)(-r),w)h(r)k 0 
where 
qt, 5, w) = J(i, 2, w)%(X(t, 2, w)) and .J(t, :c; w) = &x(t, 2, w). 
Then it holds that 
(2.6) X(t, z, w + h) = X(t, Z-(x, h, w)(t), w) 
(4) Let 9 be a smooth function on W”*“” in the sense of Frechet. Then the 
map w + g(X(., z, w)) is a C, - C” function. 
Note that the statements (2) and (3) appeared in KUSUOKA [35]. Here we 
consider a system of SDEs including a gradient system of Brownian motion. 
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Let us consider the orthonormal frame bundle 7r : O(M) -+ M and normal 
frame bundle 7r : NO(M) -+ M. We adopt the Levi-Civita connection 
on (M, 9) which is the same as the connection as a submanifold in R”. 
Then let us denote the horizontal lift by H(r) : T?,(,.)M + T,.O(M) and 
H(f) : T,(i.)M --+ Ti NO( M). We consider the following three equations: 
i 
dX(t, 21, w) = P(X(i, 2, w)) . &u(t) 
(2.7) dr1 (t, n.0, 4 = H(Tl(k 77.0, w))qJq4 z, w)) . dw@) 
d7-2@, 7?2.0,4 = ti(r,(t, Q.0, w))P(X(t, z, 20)) . dw(t) 
where n(r1.0) = 74~0) = Z. Note that r(~;(t, T;.o, w)) = X(&x:, ~1) 
p--a.s. w and rl(t, w) and rz(t, w) are the horizontal lifts of X(t, 5, w). 
We embed the compact manifolds O(M), NO(M) into higher dimensional 
Euclidean spaces R”‘, R”’ respectively and extending the horizontal lift 
maps H(r),fi(?) to the C” -maps with compact supports from R”* 
into (R”)* @ R”, (i = 1,2) respectively. Also let us extend the map 
P(.) : M + (R”)* @T.M(r (R”)*@R’l) to the Cx-map with compact 
supports on R”. Then, taking N = d + 721 + nz, we may consider the 
SDE of (2.7) is the restriction of an SDE in R-‘. So we can apply 
Theorem 2.12 to the equation (2.7) in this sense. In what follows, we take 
versions of X: ~1, ~;r of the above solution which satisfies the property 
of Theorem 2.12. 
In Theorem 2.12 (2.6), we find that the H-direction perturbation of the 
solution to an SDE is expressed by the time dependent perturbation of the 
starting point. To prove the H-connectivity of the tubular neighborhood in 
Wiener space, we need the inverse operation. Let us denote the derivative 
of the inclusion map L(Z) : A4 --f R” by L*(Z) E End(T,M,R”). 
Note that 
Below [z] denotes the constant curve which stays at 2. The proof of 
the following lemma is clear. 
LEMMA 2.13. - Let 4(t) (0 5 t 5 1) be un H1-path with 4(O) = x 
on M. Set 
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Then it holds that 
X(t, 4(t): w) = X(6 :I:, 711 + h(w, $4)) 
h(?JJ, [x]) = 0. 
Consider the stochastic parallel translation operator ?+ : T,.A4 + 
Tx(t..r.rr.)M (KM --f N>y(,.,r.,,,)M) along the Brownian curve X(t), 
using the Levi Civita connection, where N,,. M = 57” Ml. Using q and 
~2, we get the explicit expression of F(X), as follows: 
So 7t is also C, - Cx map. Set uUt = ?~MIJ(t.:~:.~~) : TrM + T,.M. 
Note that when 2 E M, the Jacobian ,1(t,~, *w) = 8,rX(t,~:: W) maps 
T,.M onto TY(,.,,..,,.)M. 
Let us denote the development of X(t, 2, W) into the tangent space 
T,,M by b(t). Also we denote 
which is a Brownian motion on N,.M. Then ‘ot satisfies the following 
SDE, see ELWORTHY and YOR [2 11. 
(2.9) dv+ = A(X)& 
w = id. 
where A and Ric are the shape operator and the Ricci curvature of 
the manifold. Also we denote by R(X,Y)Z = VsVl-2 - VI-V.yZ - 
V[~~.IqZ the Riemannian curvature tensor. In what follows, for any tensor 
T E I@TM @” T*M) on M, we will denote the trivialization along 
the curve y by T(y), = 7(-y);‘T(y(t))-r(~)t E &T,M ~3’ 7’jM. ‘II~ is 
also C, - C” -map and have the following explicit derivative which is 
proved by the usual constant variation method. This is the same lemma 
as Lemma 2.1 in [5]. 
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LEMMA 2.14. - It holds that 
(1) 
(2.10) 
J + (Dvt,h) = Vj -l- - v,~ VA(X),@(s))(z),, &j(s)) 0 t + vt i J v,;l .5 - - WLWL WWW),bs, 4&O,)) .ll 0 
+ 'lb I af v,~lAo,(v,s,N(X)~,h(.s))ds .0 
+ vt It v.~lAo,(V,~, {0lv(x),(~(.s))d~(s))} .o 
J 
t + vt v,$A(X>,s .' 0 - (111. .lo'R(X),,m4, -de(,,)M(s)) 
1 t 
- -vt 
2 I 
v,~‘VRic(X),s(h(s))v,,ds 
.o 
1 t 
- -vt J [.I 2 0 v,;l s - - ~ R(W,,(Nu), %u)), Ric(X),5 wk 0 1 
where .t 
h(i) = Vt 
I 
- . 
v,;lP(X),sh(s)ds. 
0 
and [A, B] = AB - BA. 
(2) 
(2.11) llWlH* F llvtll{ ~/)w@(~)~ 
+ p1(4(~ W-M+4 ) s ) p3w4) dP( ) + 
where RI(S), L+(s), Rz(s) and R. ( ) 3 s are He-valued bounded linear 
operators such that 
J “t (lIW)ll” + IISMI” + IIW>ll” + Ilw)l12)d~ 
5 const. .I /[f ( JIv,~ ll271f + /Iv,;’ )12”‘)ds, 
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where constant depends only on the shape operator, the curvature and the 
vectorjeld V and m is a sujficiently large integer. 
2.3. Ordinary differential equations in Wiener spaces 
In this section, we consider ordinary differential equations ( = ODE in 
abbreviation) on the abstract Wiener space (B: H, 1~) and the absolutely 
continuous properties of the image measure by the flow. Let V be a 
H - C” map with values in H and assume that 
(2.12) sup Ipq71I)I~H < cc. 
I,‘ 
and 
V E D$-(H). 
Then by the usual existence and uniqueness theorem of the solutions of 
ODE, there exists a solution for all time to the following ODE. 
(2.13) gq,. w) = V(U(L w)), 
for any initial data U(0, 111) = w E B. Let us denote h(t. W) = U(t, W) -w. 
Note that h(t,~) E H. Since U(t, .) : B -+ B is bijective map 
and 1~ + Dh(t, w) is bijective linear map on H, by the theorem of 
KUSUOKA [32], the image measure U(t, .)*/I is absolutely continuous 
relative to h and the density function is given by the Carleman-Fredholm 
deteminant and Skorohod integral and so on. Here further let us assume 
the following: 
(2.15) 
/ 
exp(XlD*V(w)l)dp(w) < 02. 
B 
CRUZEIRO [ 121 studied the equation (2.13) under the assumption (2.14) and 
(2.15), without the assumption “H - C*“, and showed the Ll’ (11 > 1) 
integrability of the density function. Let us recall the solution due to 
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CRUZEIRO. Let {e;}zI c B* be a complete orthonormal system of H and 
set F,, to be the a-field a{(w,e;) 11 5 i 5 TI}. We set 
V,(w) = wqV1.%](w)3 
where PI, is the projection operator onto the space spanned by {ei}~=r. 
Note that since V E DE:-, V,, is a smooth function of {(w, e;) 11 5 i 5 7~). 
Let 4,,(t) be the solution to the following ODE. 
1 
&l(W) = K&J + dh,(WJ)), 
&(O, w) = 0. 
Note that this is an ODE in finite dimension. By virtue of the assumptions 
(2.14) and (2.13, taking a subsequence, there exists $(t, w) such that for 
any t E R, 
and p--a.s. w, 
1iIn SUP IIc4,(t,w) - cb(t,w)llH = 0, 
"+x' egg 
J<t, 4 = ww, 4, 
where Uc(t, w) = w + q!& w) is the solution in the sense of CRUZEIRO. 
Cleary in our situation, h(t, w) = $(t, w) a.s. Hence, on the measurable 
map w + U(t, w) = w + h(t, w), we have the following quasi-invariance 
theorem. 
THEOREM 2.15 (CRUZEIRO [ 121). - For any I E Zs and p > 1, there 
exists X > 0 such that under (2.14) and (2.13, the image measure by the 
map W, -1 : B -+ B, is absolutely continuous with respect to p. We 
denote the density function by kt. 
(2) For any p > 1, there exists X > 0 such that under (2.14) and (2.15), 
it holds that 
sup { IlWlLp + ll~~‘ll1.p) I M(X, T). 
O<t<T 
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2.4. An estimate of the Ito map 
Since the solution X(t!z, w) in $2.2 is oo-quasicontinuous, we 
can consider a submanifold S.,. = {w E IV{ ]X(l, 2: r~) = :K} 
neglecting slim sets. Let us consider a probability measure &L,~ (‘uI) = 
S,.(X(l,z, w))dp(w)/p(l,z,z) on Wt. We refer the meaning of this 
expression to Watanabe [47]. Then ,1,.,.(5’,.) = 1 holds. For F E .TCr, 
it is easy to see that 
.I L.r(-\I) F(y)dv,,(y) = ,/iI,, F(X(., m> w))&dd. 
Moreover by the special property of the gradient system of Brownian 
motion, the map FCr 3 F-t FoX(.?z,.)canbeextendedtoabounded 
linear operator from D(E) into Di(S,.). To calculate the L”-norm of 
the derivative Ds(F o X(., :I:, w)), we introduce some notations. Let us 
consider a Hilbert-Schmidt operator S(y) on I,“( [0, l] + !&A4) such that 
S(y)c#~(t) = iRic(?), ,d d(s) ds. 
Also let us denote by I the identity operator on L’( [O, l] + Z’,.n/l) and 
denote by Ma(r)(t, U) the solution to the following linear ODE on T,.AJ: 
-&M”(y)(k 7~) = -~Wy),,Mo(-r)(tl u) (u 2 t) 
Mo(y)(t, t) = id, 
and set 
B(y)(t, u)E =c A(r),, (M(-Y)(& ~)A(Y)~~(I, G). et). 
i=l 
Here {e;}~~~’ denotes an orthonormal basis on N,.1M. Note that these are 
linear maps on T,,iI4 and B(r)(t, u,) is a positive symmetric operator. 
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LEMMA 2.16. - For any F E 3Cr and for any bounded smooth function 
g on W”.“’ in the Fre’chet sense, it holds that 
(2.16) 
.I 
I&P’ 0 XC., z, 4)l” g(X(., x, ,~>)dp.r(W) 
S, 
x g(y) dv,.(r). 
The proof of the above lemma is almost clear by Lemma 3.1 in [6] and 
Lemma 3.1 in [5]. For an open subset 0 in L,.(M), we define 
(2.17) x-1(o) = {w E s.,. 1 X(., 2, w) E O}. 
As a corollary of the above lemma, we have 
COROLLARY 2.17. - There exists a constant C > 0 which is independent 
of the choice of 0 such that for any F E 3C,T, 
/ Ps(F 0 XC, 5, w))12dp.r(w) 5 C. J IWWdl”dv,.W . S-‘(O) 0 
Remark 2.18. - Actually we can take 
as in the equation (3.5) in [6]. Also note that for any F E D(E), 
F o X(., z, w) is in Di(S.,,) and the same inequality holds. 
3. lobular neighborhoods in a Wiener space 
In this section, we will construct a tubular neighborhood of X-l (0). 
First of all, let us recall the inverse gradient flow in [I] and [2]. 
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Let V be a vector field on M. Then associated with V, we consider 
the vector field v on Wi’ as follows: 
V(w) = DX(1 ,5,711)*(Dx(1~5.w)Dx(1,:I~,‘uI)*)-1v(x(1,:I:.lli)). 
Note that v is a C, - Cx map with values in H. For later use, we 
introduce the following spaces of vector fields: 
I+ = {V E ryTM) 1 r~=,x(llVlls, IIVVllx-) I C}. 
p has the following explicit form 
LEMMA 3.1. 
(3.1) V(w)t = 
J 
*t P(x),5(v,1)*(u,1)* 
0 
-1 
X ‘111 ?I,; l (?I,; l) * ?JT ds 
> 
w%~ 
Taking this lemma into account, we define 
e,,,(w) = ~pul(w)~~2’~t + ll~l(w)-1~~2’n + k1 (11u$112”’ + IIV.~1112n’)da 
and for V E Vc we set 
i&(w) = V(w)cp(LBfr, 
Here cp is a smooth function such that 
(3.2) supp cp c (-I,1 
and 
(W4. 
(3.3) 
Note that 
c&T) = 1 WP,V>. 
(3.4) sup llP~.&)llH := N(C> L, E) < 00, 
II’ 
li+iN(C, L,E) = 0. 
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The following lemma can be proved by the reduction to l-dimensional 
martingale as in [ 11. 
LEMMA 3.2. - Let fl(s, w) be the ET 8 Ez-valued 3t adapted process 
and fz(s, w) be the Es @ Es-valued 3r adapted process, where E; are 
separable Hilbert spaces. Assume that it holds that 
Let UQ (s) and w2 (s) be the l-dimensional Brownian motions which maybe 
dependent each other and set 
Ml(t) = “t f&,w)dw1(S), 
s 
lT!fz(t) = 
./ 
()I h(w)dw2(s). 
s 
t 
N(t) = Ml(S)dM&s). 
0 
Then for su$ficiently small E, it holds that 
where E depends on L. 
Using Lemma 2.14 and Lemma 3.2 we have 
LEMMA 3.3. - For any X > 0, S > 0 and C > 0, there exists E(X, S, L) 
such that for any E 5 E(X, 6, L) and V E Vc we have 
.I 
exp(XlD*V&(w)l)dc(w) 5 1 + S. 
11; 
The proof of this lemma is similar to that of Lemma 2.3 in [ 11. So 
we omit the proof. 
Here we would like to apply Lemma 3.3 to the following vector fields 
on r/i/;;l, {V,},EAI satisfying that exp(Vc)< = n: for < near IC and the 
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dependence on [ E M is smooth. Here note that n: is the base point 
of loop space L.,.(M). We give them explicitly. Let us take a normal 
coordinate system around X, (U. (:I?, . . . , z”)) with {C:&r ]:E~]‘}~” < h:. 
This has the following properties: 
1. 2(x) = 0. 
2. for :/ = (1/r,. . . ,YJ”), it holds that d(z:y) = {~i($)‘}“‘L. 
For < with d(z, E) < ~/2, let us define Vt(y) for y with d(:l;, y) 5 4~/5 
such that 
vE(?/) = 2 4E) (S) 
i=l v 
Next let us consider a smooth function with compact support such that 
cpO(Y) = C 1 (d(x: y) 5 2/S/3) 0 (d(z, y) 5 3K/4). 
We extend V, to the whole space by multiplying the cut-off function cpu. 
Also with respect to < with d(z;<) > ~/2, we define V, smoothly. 
Clearly it holds that for [ with d(z, E) 5 ~:/a and s E [O: l], 
:z’(exp(sVoQ = (1 - s)x’(<). 
Also we define a smooth function on M as follows: 
C d(?Y)” (d(?Y) 1. 49 dy) = (K/2)” (d(z, y) > K/2). 
Then these vector fields enjoy the following properties: 
LEMMA 3.4. - For < with d(z,<) 5 ~12, we have 
(3.5) exp {%t’(SI 2 )E } exp(sI+)< = exp { ((1 - s)t + .s)V,}<. 
(3.6) p(exp(tQ)<) is decreasing in t E [0, 11, 
(3.7) there exists a constant C > 0 such that 11% 11 + ]]VV, I] < Cd(z, [) 
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We need these properties to prove the H-connectivity of a tubular 
neighborhood .7& of X-l (0). Let us denote the flow generated by 
the bounded H - C” vector field I,i(,,(<).: = ~YJ(P(E)Q,,,(w)~/E) by 
u<.:(t) : w,;l + w;l. 
By Lemma 3.3, we see that U,,,(~),/L is absolutely continuous with 
respect to b and the density kc,,, and kc:, satisfies the same regularity -1 
as in Lemma 3.3. For notational simplicity, we may omit the subscript E. 
We need the following quantities to define a tubular neighborhood. 
e(w,<) = 1 + Blle,,,(U,(.?w))ll~l, 
*(t, 4 = ~Y(l..r.,& w). 
Here we denote for a smooth function cp on [0, l] 
IIQ4I~~ = IYW + I1 I~(W dt 
and I3 is taken such that 
DEFINITION 3.5. - For an open set 0 in L,.(M), let us define 
.!A[) = {w E I@ o(w,x(1,2,w))p(x(1,2,w)) < E/200 
and X(.,x, Q(1, w)) E O}. 
Note that if O(w,X(l,~,w))p(X(l,z,w)) < ~/2, then e(l,w) E S,, 
namely X(.,x, +(l, w)) E L,.(M). By the assumption (3.5) and (3.6), 
we see that 
LEMMA 3.6. - Zf w E Z.40, then @(T, w) E IAMB (0 5 7 5 1) and it 
holds that 
(3.8) 9((1 - s)t + s, w) = qt, !l!(s, w)). (0 I 6 s 5 1) 
Proof. - Let us take w E Uo and fix it. Let us denote by X( 1,x, w) = <. 
Since O(w,X(l,x, w))p(X(l,z, w)) < e/200, U~(T, w) (7 E [O,l]) is the 
solution to the ODE whose vector field is I?,. Hence 
(3.9) X(LdJ&-9)) = "XP(+gE. 
BULLETIN DES SCIENCES MATHBMATIQUES 
656 S. AIDA 
This and (3.5) imply that 
X(lJ,U,((l - s)t + s,lJ)) = exp (((1 - s)l: + s)V,}< 
= ~xpt~~-(I;(,,.,,,))X(U((s.vi)). 
Consequently we see that Ut (( 1 - s)t + s, W) is the lift of the smooth 
curve with respect to t, ex~){t~~(~-~(,,,,(.))}X(U~(.s. ~1)) in A4 to Wt. Here 
we have considered the fibration: 
X (1. ix:: w + .) : H i M. 
This proves (3.8) and also implies that X(..:I:. \Ir(l. Q(t.ru))) = 
X(.,:x:, 9(1,w)) E 0. For the proof of the first assertion, it suffices 
to use this and to note the following inequalities: 
(3.11) j(x(l. :C. u<(T, :J:, 111))) 5 /)(x(1. :I:. W)) 
(3.10) follows from (3.8) and (3.11) follows from (3.9) and Lemma 3.4 
(2). n 
To carry out the proof which we explain in Introduction, we define p 
for F E P(IV,“, R) which is the set of polynomial functionals on IV; 
with values in R. 
DEFINITION 3.7. - For F E P(W,f> R), we set 
In the above definition, (p is a Cx -function on R such that 
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Let us denote the U’-space in the part of the submanifold X-l (0) by 
U’(X-‘(O), p,r]s-l(~)) whose measure is the restriction of p,,.. Also we 
consider P-space Lp(.Uo) using the restricted Wiener measure. Then we 
have the following lemma. The proof is almost similar to Theorem 1.1 in 
[1] using Lemma 3.3. So we omit the proof. 
LEMMA 3.8. - For any 1 < p < q < XI, there exist constants 
C17.cl, Ci,.q, $, , C;& such that 
(3.12) 
(3.14) 
4. Proof of main theorem 
At first, we state our main theorem. Recall that L,.(M) is the topological 
subspace of Wn.“” and X(., 2, w) E W0,27’7. 
THEOREM 4.1. - Let U be a connected open set in L,. (n/r). Then 
for F E D(I) with VP(y) = 0 a.s. y E U, it holds that F(r) = 
constant a.s. y E U. 
In the previous section, we define a set Uo for an open set 0 E L,.(M). 
Here, in addition, we assume that there exists a smooth function 4 on 
W rr*2”’ such that 
0 = {Y E L,.(M) 1 4(Y) > O}. 
Then noting that X( ., z, 9( 1, w)) E 0 is equivalent to that 
$(X(.,x, @(l,w))) > 0, by Theorem 2.10, Lemma 2.11 and 
Theorem 2.12, Uo is a quasi-open set. To prove Theorem 4.1, we 
will prove the H-connectivity of .?& when 0 is a connected set in 
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L.,.(M). Noting that for w E tic), @(t, w) - w is a smooth curve in H 
and @I( 1, w) E X-l (0) and by Lemma 3.6, it is sufficient to prove the 
following lemma. 
LEMMA 4.2. - Let us $x UI E X-l(O). rf it holds that 
(4.1) X(.,:r::w+h), X(..z.w) E 0. 
then there exists a family of H1--paths {h:‘(w)}~<.~<l C H such that 
(I) the map s -+ h:’ is Cx. 
(2) h” = 0, h,l = 1~. 
(3) for any s E [0, 11, X(., z, 111 + h”) E 0. 
To prove this lemma, we need the following three lemmas. 
LEMMA 4.3. - Let lJ be an open connected set in L,,.(M). Then 
U n Hl([O, l] + M) is also a connected set in H1([O, 11 -+ M). 
LEMMA 4.4. - Let us jix w E S .,.. Then the map y(.) E L.,.(M) -+ 
X( . . y(.). w) E L.,.(M) is a homeomorphism in L.,. (Al). 
LEMMA 4.5. - Let us jix w E W,;l. Assume that X(t, CC, UI + h) = 
X(t. :I:. w) for all 1; E [O: 11. Then for any t. s E [0, 11, it holds that 
x (t , 2:. ‘W + s IL) = x (t . :I:, w) . 
The proof of Lemma 4.3 and Lemma 4.4 is easy, so we prove Lemma 4.5. 
Proof of Lemma 4.5. - The assumption is equivalent to that for all 
t E [0, l], it holds that 
This implies that 
P(X(t,z, w))h(t) = 0 a.s. t E [0, 11. 
So we have 
2(x, s . h. w)(t) = 1: 
which completes the proof. H 
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Proof of Lemma 4.2. - First of all, by Theorem 2.12, 
X@, 2(x, h, w)(t), w) = X@, 2, w + h). This implies that 2(x:, h, W) is 
also a closed curve with starting point x. By Lemma 4.4, the constant 
curve [z] and 2(x, h? w) are in the open connected set 
X(., .,w)-l(O) := {x(t, .) w)-y?(t)) 1 y E o}. 
Since both [z] and 2(x, w, h)(t) are HI-closed loops, by Lemma 4.3, 
there exists a Cx-homotopy {Z.sl(Lc, h,w)} c X(.;: w)-l(O) f! 
H1( [0, l] --f AI) such that 
C 
Z1(x, h, w)(t) = .Z(n:, h, w)(t), 
.Z”(x,h,w)(t) = 2, (0 2 t < 1). 
By Lemma 2.13, for h,s,(w)(t) = h(w, P(:r) h! w))(t), it holds that 
X(t, P(x, h, w)(t), w) = X(t, z, w + h,J 
X(1, z, w + h.5,) = :I: 
ho(t) = 0 
X(t, 2. w + hl) = X(t, IC, w + h) for all t E [0, 11. 
By Lemma 4.5, the linear interpolation w + s2 . (h - hl) + hl (~2 E [O. 11) 
is in X-l (0). These implies that 
,l.\ = hs 
1 
(s E [O. l/‘4> 
(2s - l)(h - hl) + hl (s E [l/2,1]) 
is desired one. n 
Remark 4.6. - The above lemmas imply that the H-direction slice 
E = (X-l (0) - {w}) n H is the total space of the vector bundle such 
that the base space is an H1-neighborhood of [z], 
U=X-l(~,~>~~)(0)nH1([O,l] ---t M) = {Z(x,h,w) 1 h E E} 
and the projection map and the fiber over q5 are respectively 
T : h E E --+ Z(z, h, W) E U: 
~~~(4) = h(&w)+{u E H 1 P(X(t,$(t), w))ti(t) = Ofor a.s. t E [O, l]}. 
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where h(w, 4) is defined in Lemma 2.13. Note that 
s : C/J E U -+ h(w, 4) E E 
is a section of this vector bundle. 
As a corollary, we have 
COROLLARY 4.7. - lf 0 is a connected open set, then Uo is an 
H-connected set. 
Now we are in a position to prove Theorem 4.1. 
Proof of Theorem 4.1. - There exist closed curves {r;};“=i C U and 
positive numbers ei such that 
u = (j B(a,m : y,):, 
i=l 
and for any $I,& E U, there exist a finite sequence {B(cr? m : 
y;k)zPfi}~,=l such that 41 E B(tr,m, : y~):~, 4~ E B(cr,m : y/);, and 
B( a,m : y;):, fl B(rw.m : y;+~)~,+~ # I$. By [7], we have v,,.(B(cx,m : 
r;):, flB(a, m : ~i+i);,+~) > 0. This construction shows that it is sufficient 
to prove Theorem in the case where U = B(cY, 711 : 70): f~ L,,.(M). We 
may assume that F is bounded. Let us consider a smooth cut-off function 
cp such that 
It suffices to prove the theorem for F,,(y) = F(y)cp(]]y - ~~I]~~,‘~,/E~“‘) 
in the open set B,, = B(a,m : ~t))(ti),,~,,~~ and taking limit rl -+ 0;). 
Note that UB,, is a quasi open set. ” 
By Corollary 2.17 and the limiting argument, F,, (w) = F,, (X( ., x. w)) E 
Di(S,,.) and 
lIsPI;, = 0 p,,. - as. 711 E X-l(&). 
(4.2) 
Qd?t (4 = GJPs{ (Pwc ..x, w) - -y”IIf;;;JP’)} E LX-(S.r). 
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This implies that F,, E D!,-(S,.). This is proved by Lemma 2.17, 
Lemma 3.4 in [2] and the fact that the weak and the strong derivatives are 
the same in Wi’. Note that our Sobolev spaces are constructed by using 
the strong derivatives, so we have to check the coincidence of weak and 
strong derivatives. Hence using limiting argument, by (3.13), (3.14) and 
(3.15) in Lemma 3.8, we see k,, E DL-(W,;‘) and 
D&(w) = 0 p--a.s. ‘111 E 1!.4n 1, .
,. 
By Theorem 2.9, there exists a constant C,, such that F,, (‘w) = 
cl) p-a.s.71) E ufj,, , since FTC(w) = p(w) - (: IL-a.s.W E b/B,, for 
a constant C, this implies that f’,,(?u) = C,, ~r.,,lB,, -a.s. So we get 
F(7) = Cl, vr -a.s. y E B,, . W 
Remark 4.8. - We proved our main theorem as the topological subspace 
of W” .2rrr . However a version of Lemma 4.3 holds, replacing the topology 
of wo.a1,/ by the uniform convergence topology and the H1 by Wn.2”‘. So 
Theorem 4.1 holds for an open set in the uniform convergence topology. 
5. Final remarks 
In this section, we will discuss the problem of the uniqueness of the 
ground states of the Schriidinger operator and give a remark on a relation 
to Gross’ ergodic theorem. The following theorem is an immediate 
consequence of Theorem 1 .I. 
THEOREM 5.1. - T+ Ii,,] is positivity improving operator, i.e., .for 
f(> 0) E L”( [r/l, q,,~) with f # 0, it holds that Ttl~,~]f(y) > 0 v[,,I-as. 
In [5], we proved a logarithmic Sobolev inequality on L,.(M) as follows. 
For smooth cylindrical function u on L.,.(M), we have 
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where A, 0 and K are constants which depend on the shape operator 
and the Ricci curvature of the manifold M which is embedded in 
the Euclidean space. t3 is a a-field generated by the Brownian path 
{X(t,x,w);O 5 t 5 l}. Here V satisfies that V > 0, V E D:z-(I+‘:) 
and so V E Lx- (p.,.). Noting that the image measure of ,LL.,, under 
X(.,x,w) is I/.~, the notation E[VIB](r) is well-defined and it is in 
Lx-(u.,.). Set P = E[VlB]. L t e us set A = L + v. Note that il is an 
essentially selfadjoint operator on L’x’( [q]. u[,,I) n D(L). See SIMON [45]. 
We denote the closure by A[,,]. Let us denote the spectral set of A[,,] by 
CJ(A~,,I). Then as in GROSS [29]. it is easy to see that 
THEOREM 5.2 (Uniqueness of Ground States). - XO([T/]) = irlf CT(A~,,~) 
is an eigenvalue with multiplicity 1 and the corresponding eigenfinction is 
I/[,,] -almost surely positive. 
Proof. - We need only to prove the positivity improving property of 
the semigroup e -t-‘[Vll. Let us denote the diffusion process corresponding 
to the Dirichlet form &[,)I by X(t) . Then using Trotter formula (REED and 
SIMON [42], Theorem X.51), it is sufficient to prove that for measurable 
subsets E, F c L,.(M) with I/.,.(E). u.,.(F) > 0, it holds that 
= lim E,,q, exp II-+X [ (- 2 V!X;,,,.J,.) lE(xtMxo)] > 0. 
;=I 
Using Theorem 5.1, we see that E = EV,[l~(Xt)l~(XO)] > 0. Hence by 
the Schwarz inequality we have 
This completes the proof. n 
Finally let us consider a loop group L,(G), where G is a compact Lie 
group. Considering the adjoint invariant Riemannian metric on G and the 
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Levi-Civita connection, our main theorem proves the irreducibility of the 
Dirichlet form on each homotopy class of L,(G). On the other hand we 
have the derivative as follows: 
VhF(y) = lim 
F(P(.)y(.)) - F(y) 
z-+0 & 
where h E Hi([O, l] -+ T,G). GROSS’ ergodic theorem ([29]) asserts that 
a measurable function F on L,(G) which satisfies that F(e” y) = F(r) 
is almost surely constant on each homotopy class. Our main theorem 
does not imply this theorem immediately. In this case, let us consider 
the following SDE: 
where (L,), : T,G + T,G denotes the left translation and w(t) is a 
Brownian motion on the Lie algebra T,,G and put F(w) = F(X(e! z, w)). 
The corresponding results to (2.16) is 
(5.3) I IDs~(w)l” dp, = . s, 
and we take the following inverse gradient vector field: 
where {R,}, denotes the right translation operator. Note that in this case 
we do not need to multiply the cut-off function like cp(B,,, (w)/E) (see [ 11, 
Example 4.1). Then the argument in this paper works. So we get the 
corresponding theorem to Theorem 1.1, and Theorem 4.1. This implies 
Gross’ ergodic theorem. 
Remark 5.3 (On a remark to more general gradient operator). - In 
general, the gradient operator on the based loop space is defined by the 
torsion skew symmetric (=TSS) connection on (M, g), where the torsion 
tensor T is called to be TSS when 
g(T(K Y), Y) = 0 
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for any vector fields X, Y on A4. The gradient operator which is defined 
by the stochastic parallel translation using TSS connection is closable 
(DRIVER [ 171, [I 81). 
Lately, ELWORTHY, LE-JAN and X-M. Lr construct SDEs which have the 
similar property as gradient Brownian system for any TSS connection by 
using the Narasimhan and Ramanan’s universal connection. The argument 
in this paper works in the general case and Theorem 4.1 holds in general. 
We will discuss this in the separate paper. 
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